LIMITING ABSORPTION PRINCIPLE FOR SOME LONG RANGE 
PERTURBATIONS OF DIRAC SYSTEMS AT THRESHOLD ENERGIES 



NABILE BOUSSAID AND SYLVAIN GOLENIA 



Abstract. We establish a limiting absorption principle for some long range perturbations of the Dirac 
systems at threshold energies. We cover multi-center interactions with small coupling constants. The 
analysis is reduced to study a family of non-self-adjoint operators. The technique is based on a positive 
■ commutator theory for non self-adjoint operators, which we develop in appendix. We also discuss some 

^ ^ , applications to the dispersive Hclmholzt model in the quantum regime. 
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1. Introduction 



We study properties of relativistic massive charged particles with spin-1/2 (e.g., electron, positron, 
^ ; (anti-) muon, (anti-)tauon,. . .). We follow the Dirac formalism, see [15]. Because of the spin, the configu- 

ration space of the particle is vector valued. To simplify, we consider finite dimensional and trivial fiber. 
Let v > 2 he an integer. The movement of the free particle is given by the Dirac equation. 



I where m > is the mass, c the speed of light, h the reduced Planck constant, and 

: 3 

(1.1) D„i cha ■ P + = -icft^ afcSfc -f- mc^fi. 

fc=i 

Here we set a :~ {ai, a2, as) and (3 :~ a^. The a^, for i G {1, 2, 3, 4}, are linearly independent self-adjoint 
linear applications, acting in C^"^, satisfying the anti-commutation relations: 

(1.2) aiaj + ajai = 2Sijlc^,-- , where i, j S {1, 2, 3, 4}. 
For instance, when = 2, one may choose the Pauli-Dirac representation: 

(") ° ) ^-{'t -Id, 

where ai = ( ] , (72 = ( ^ n) ^.nd 0-3 ""^ *^ 
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for i = 1,2, 3. We refer to [55] [Appendix l.A] for various equivalent representations. In this paper we do 
not choose any specific basis and work intrinsically with (|1.2p . We refer to [43] for a discussion of the 
representations of the Clifford algebra generated by (|1.2[) . We also renormalize and consider fi, = c = 1. 
The operator Dm is essentially self-adjoint on C^(M'^; C'^'^) and the domain of its closure is J^^{M.^; C^''), 
the Sobolev space of order 1 with values in C^'^. We denote the closure with the same symbol. Easily, 
using Fourier transformation and some symmetries, one deduces the spectrum of Dm is purely absolutely 
continuous and given by {—oo, —m] U [m, oo). 

In this introduction, we focus on the dynamical and spectral properties of the Hamiltonian describing 
the movement of the particle interacting with n fixed, charged particles. We model them by fixed points 

{ai}i=i^,,,^n G with respective charges {zi}i=i „ € R". Doing so, we tacitly suppose that the 

particles {a^} are far enough from one another, so as to neglect their interaction. Note we make no 
hypothesis on the sign of the charges. The new Hamiltonian is given by 

(1.4) := Dm + iVciQ), where Vc := Vc ^ Idc^^ and Vc{x) := -. — - — 

\x-a,\ 

/c— l,...,n 

acting on C^(K^ \ {ai}i=i,...,n; C^"^), with a.; ^ aj for i ^ j. The 7 S M is the coupling constant. The 
index c stands for coulombic multi-center. The notation V{Q) indicates the operator of multiplication 
by V. Here, we identify L'^{E?;'C'^'') ~ L'^iB?) ® C^" , canonically. Remark the perturbation Vc is not 
relatively compact with respect to Dm, then one needs to be careful to define a self-adjoint extension for 
Dm- Assuming 



the theorem of Levitan-Otelbaev ensures that is essentially self-adjoint and its domain is the Sobolev 
space see [U [35] [39] [411 |42l [40] for various generalizations. This condition corresponds to 

the nuclear charge a~^Z < 118, where = 137.035999710(96). Note that using the Hardy-inequality, 
the Kato-Rellich theorem will apply till Z < 1/2 and is optimal in the matrix- valued case, see [SS] [Section 
4.3] for instance. For Z < 1, one shows there exists only one self-adjoint extension so that its domain is 
included in ^/^(M^; C^""), see [48]. This covers the nuclear charges up to Z = 137. When n = 1 and 
Z = 1, this property still holds true, see [19] . Surprisingly enough, when n = 1 and Z > 1, there is no 
self-adjoint extension with domain included in J^^/^(R'^; C^"^), see [63j [Theorem 6.3]. We mention also 
the work of [57] for Z > 1. 

In |48| and Z < 1, one shows the essential spectrum is given by (—00, — m] n [m, 00) for all self-adjoint 
extension. For all Z, one refers to [53] [Proposition 4.8.], which relies on [53]. In [55] one gives some 
criteria of stability of the essential spectrum for some very singular cases. In [1], one proves there is no 
embedded eigenvalues for a more general model and till the coupling constant Z < 1. For all energies 
being in a compact set included in (—00, —to) n (to, 00), [23j obtains some estimates of the resolvent. This 
implies some propagation estimates and that the spectrum of Hj is purely absolutely continuous. Similar 
results have been obtained for magnetic potential of constant direction, see [SH] and more recently [M] . 

In this paper we arc interested in uniform estimates of the resolvent at threshold energies. The energy 
TO is called the electronic threshold and — m the positronic threshold. In Theorem (|1.2p . we obtain a 
uniform estimation of the resolvent over [—m — 6, —m\U[m,m + 6], see (|1.8p and deduce some propagation 
properties, see (|1.9I) . One difficulty is that in the case n — I and Zi < 0, it is well known there are infinitely 
many eigenvalues in the gap (—to, to) converging to the to as soon as 7 ^ (see for instance [56] [Section 
7.4] and references therein). This is a difficult problem and, to our knowledge, this result is new for the 
multi-center case. There is a larger literature for non-relativist models, e.g., —A + V in L^(]R"'; C). The 
question is intimately linked with the presence of resonances at threshold energy, [M] dOl HZl [S31 [SH] ■ We 
mention also [12] for applications to Strichartz estimates and [17] for applications to scattering theory. 

Before giving the main result, we shall discuss some commutator methods. The first stone was set C.R. 
Putnam a self-adjoint operator H acting in a Hilbcrt space Jif, see [5T] and for instance [55] [Theorem 
XIII. 28]. One supposes there is a bounded operator A so that 



where > means non-negative and injective. The commutator has to be understood in the form sense. 
When it extends into a bounded operator between some spaces, we denote this extension with the symbol o 
in subscript, sec Appendix [SI The operator A is said to be conjugate to H. One deduces some estimation 
on the imaginary part of the resolvent, i.e., one finds some weight B, a closed injective operator with 



(1.5) 



Z := I7I max (|z,|) < ^3/2 



(1.6) 



C := [H,iA]o > 0, 
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dense domain, so that 

sup Q{f,{H-z)-'f)<\\Bff. 

SR(z)GR,S(2)>0 

This estimation is equivalent to the global propagation estimate, c.f. [35] and [5^ [Theorem XIII. 25]: 

/ ||B-^e"^/fdt<2||/f 

One infers that the spectrum of H is purely absolutely continuous with respect to the Lebesgue measure. 
In particular, H has no eigenvalue. To deal with the presence of eigenvalues, the fact that A is bounded 
and with the 3-body-problem, Eric Mourre has the idea to localized in energy the estimates and to allow a 
compact perturbation, see [46]. With further hypothesis, one shows an estimate of the resolvent (and not 
only on the imaginary part). The applications of this theory are numerous. The theory was immediately 
adapted to treat the A'^-body problem, see [50]. The theory was finally improved in many directions 
and optimized in many ways, see [1] for a more thorough discussion of these matters. We mention also 
[231 [571 m] for recent developments. As we are concern about thresholds, Mourre's method does not seem 
enough, as the estimate of the resolvent is given on an interval which is strictly smaller than the one 
used in the commutator estimate. In [11] one generalizes the result of Kato-Putnam approach. Under 
some conditions, one allows A to be unbounded. They obtain a global estimate of the resolvent. Note 
this implies the absence of eigenvalue. In [20], in the non-relativistic context, by asking some positivity 
on the Virial of the potential, see below, one is able to conciliate the estimation of the resolvent above 
the threshold energy and the accumulation of eigenvalue under it. In [S3], one presents an abstract 
version of the method of [20]. To give an idea, we shall compare the theories on a non-optimal example. 
Take H := —A + 1^ in L^(R'^), with V being in the Schwartz space. Consider the generator of dilation 
A := {P ■ Q + Q ■ P)/2, one looks at the quantity 

[H, iA]o -cH ^ -(2 - c)A - WviQ), where Wv{Q) := Q ■ Vy(Q) + cViQ), 

with c S (0, 2) and seeks some positivity. The expression Wy is called the Virial of V. In [20], one uses 
extensively that Wv{x) < —c{x)^" for some a,c > and big enough. In [53], one notices that it 
suffices to suppose that Wv{x) < and to take advantage of the positivity of the Laplacian. We take 
the opportunity to mention that it is enough to suppose that Wv{x) < c'\x\~'^, for some small positive 
constant c', see Theorem lC.il Observe also that these methods give different weights. For instance, [20] 
obtains better weights in the scale of (Q)" and [53] can obtain singular weights like \Q\, see Appendix iBl 
Finally, [20] deals only with low energy estimates and [53] works globally on [0, oo). We also point out 
[30j which relies on commutator techniques and deals with smooth homogeneous potentials. 

In this article, we revisit the approach of [53] and make several improvements, see Appendix [B| Our 
aim is twofold: to treat dispersive non self-adjoint operator and to obtain estimates of the resolvent 
uniformly in a parameter. At first sight, these improvements are pointless from the standpoint of the 
Coulomb-Dirac problem we treat. In reality, they are the key-stone of our approach. 

As a direct by-product of the method, we obtain some new results for dispersive Schrodinger operators. 
The following V2 term corresponds to the absorption coefficient of the laser energy by material medium 
absorption term in the Helmholtz model, see |33| for instance. 

Theorem 1.1. Letn>3. Suppose that Vi,V2 e L°°(M";]R) satisfy: 

(HI) \/V„ Q ■ yV,{Q), {Q){Q ■ \7Vif{Q) are bounded, for i e {1,2}. 
(H2) There are ci € [0, 2) and c'^ e [0,4(2 - ci)/(n - 2)^) such that 

WAx) := X ■ (VVi)(a;) + cxVxix) < -^r, for all x e M". 

m 

and 

V2ix) >0 and ~x - (VV2)(a;) > 0, for all x e W\ 

On C^(M"), we define H := —A + V{Q)^ where V :^ Vi + iV2. The closure of H defines a dispersive 
closed operator with domain Jff'^iW^). We keep denoting it with H. Its spectrum included in the upper 
half-plane. The operator H has no eigenvalue in [0,oo). Moreover, 

(1.7) sup \\\Q\-\H~X + ifi)-^\Q\-^\\<oo. 

AG[0,c5o), /i>0 
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Note we require nor smoothness on the potentials neither that they are relatively compact with respect 
to the Laplacian. We refer to Appendix [Cl for further comments, the case ci = and a stronger result. 

We come back to the main application, namely the operator defined by (|1.4[) . As the Dirac operator 
is vector- valued, coulombic interaction are singular and as we are interested in both thresholds, we were 
not able to use directly the ideas of [20l [53j . Indeed, it is unclear for us if one can actually deal with 
thresholds energy and keep the "positivity" of the something close to the quantity [H^,iA\ — cH~^, for 
some self-adjoint operator A. We hedge this fundamental problem. First of all we cut-off the singularities 
of the potential Vc and consider the operator H}^'^ = Dm + jV in Section [2l Wc recover the singularities 
of the operator by perturbation in Proposition [JTlJ In Section (|2.ip . we explicit the resolvent of H}^'^ — z 
relatively to a spin-down/up decomposition. This transfers the analysis to the one of an elliptic operator 
of second order, Am,v,z, see Section l^Jl The drawback is that this operator is dispersive and also depends 
on the spectral parameter z. We elude the latter by studying the family {Am,D,{}{ef uniformly in £. In 
Section [2T2I we explain how to deduce the estimation of the resolvent of H}^'^ having the one of Am,v,z- In 
the Section[31 we establish some positive commutator estimates for Am,v,z and derive the sought estimates 
of the resolvent, see Theorem (|3.ip . For the last step, we rely on the theory developed in Appendix iBl 
The main result of this introduction is the following one. 

Theorem 1.2. There are k,S,C > such that 

(1.8) sup \\{Q)-\H^-X~ie)~\Q)-^\\<C. 

\\\e[m,7n+S], E>0,\i\<K. 

In particular, has no eigenvalue in ±m. Moreover, there is C so that 

(1.9) sup / \\{Q)-'e-^'''''Ej{H^)ffdt<C'\\f\\\ 

7|<K JR 

where X = [—m — 6, — m] U [m, m + S] and where Ex{H^) denotes the spectral measure of Hj. 

A more general result is given in Theorem 14. II In Theorem [42] wc discuss the weig hts and m 

Remark 14.21 the weights \Q\. If one is not interested in the uniformity in the coupling constant, using [23], 
one can consider all (5 > and deduce (|1.8p . The propagation estimate (|1.9p refers as Kato smoothness 
and it is a well-known consequence of (|1.8p . see |36j . Using some kernel estimates, one can obtain ()1.8p 
directly for the free Dirac operator, i.e., 7 = 0, see for instance (SHj [Section l.E] and [35] ■ One may find 
an alternative proof of this fact in |32| which relies on some positive commutator techniques. 

In this study, we are mainly interested by long range perturbations of Dirac operators. Concerning 
limiting absorption principle for short range perturbations of Dirac operators there are some interesting 
works such as |13j for small perturbations without discrete spectrum or ^ for potentials producing 
discrete spectrum. These authors were mainly interested by time decay estimates similar to (|1.9p . In the 
short range case, the limiting absorption principle is a key ingredient to establish Strichartz estimates 
for perturbed Dirac type equations see [9] [14]. For free Dirac equations there are some direct proofs, see 
[181 l45l [44] . Time decay estimates such as (|1.9|) or Strichartz are crucial tool to establish well posedness 
results [T8|, [45j [44] and stability results [HI [9] for nonlinear Dirac equations. 

The paper is organized as follows. In the second section we reduced the analysis of the resolvent of the 
Dirac operator perturbed with a bounded potential to the one of family of non self-adjoint operators. In 
the third part, we analyze these operators and obtain some estimates of the resolvent. In the fourth part, 
we state the main results of the paper. For the convenience of the reader, we expose some commutator 
expansions in the Appendix [A] In the Appendix [BJ we develop the abstract positive commutator theory. 
At last in Appendix [C] we give a direct application to the theory in the context of the Helmholtz equation. 
Notation: In the following 5ft and 5 denote the real and imaginary part, respectively. The smooth 
function with compact support are denoted by C^. Given a complex- valued function F, wc denote by 
F(Q) the operator of multiplication by F. We mention also the notation P = — iV. We use the standard 

(•> := (1 + 1 -n^/'- 

Acknowledgments: We would like to thank Lyonel Boulton, Bertfried Fauser, Vladimir Georgescu, 
Thierry Jecko, Hubert Kalf, Andreas Knauf, Michael Levitin, Frangois Nicoleau, Heinz Siedcntop and Xue 
Ping Wang for useful discussions. The first author was partially supported by ESPRC grant EP/D054621. 

2. Reduction of the problem 
In this section, we study the resolvent of the perturbed Dirac operator 
(2.1) H}^'^ = D,n + ■^V, where V := v Idc2. and v bounded . 
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In Sectional we explain how to cover some singularities. Due to the method, we will consider only small 
coupling constants. We will show the limiting absorption principle 

(2.2) sup \\{Q)-\H};^-X-ie)-'{Q)-'\\<C, 

\X\e[m,m+5],E>0, \-y\<K 

for some k > 0. We notice this is equivalent to 

(2.3) sup \\{Q)-\H^''-X-ie)-\Q)-'\\<C, 

A6[m,m+(5], e>0, |7|<k 

Indeed, by setting :— aia20L^0L^ and using the anti-commutation relation (|1.2|) . wc infer 

as {D^ + 7^) = -A„ + iV. 
Note that is unitary and stabilizes .^^(R'^; C^"). This gives 

(2.4) a5ip{D„, + -iV)a^^ (An - iV)), for all ^ e C(R; C). 

2.1. The non self-adjoint operator. Here, we relate the resolvent of (|2.ip in a point z G C \ R with 
the one of some non self-adjoint Laplacian type operator A,„_i,^z, chosen in (|2.8p . Wc fix a compact set 
X being the area of energy we arc concentrating on. In the next section, we explain how to recover a 
limiting absorption principle for i?^*^ over I given the one of /^m,^v,z- 

We consider a potential v G i°°(R'^;]R), not necessarily smooth, satisfying 

(2.5) ||w||cx. < m/2 and Vv € L°°(R3;R3). 

It particular, {v{Q) - m - z)'^ stabilizes ^^(M^; c^'') for ah z in C \ M. 

Since (3 = satisfies (|1.2p . we deduct that (3 has the eigenvalues ±1 and the eigenspaces have the 
same dimension. Let P+ be the orthogonal projection on the spin-up part of the space, i.e., on ker(/3— 1). 
Let := 1 - P+. Since Uj satisfies dO]), for j € {1, 2, 3}, we get P^UjP^ = 0. We set: 

a+ := P+ajP~ and aj := P^ajP^, for j G {1,2,3}. 

They are partial isometrics: 

(a^)* = aJ , ct^ctj ~ P^ and aja'^ = P^ , for j € {1,2,3}. 

The relation of anti-commutation (|1.2p gives: 

(2.6) '^i'^t + "7"i^ ^'^'J' ^^'^ "i^"7 + "^"7 === 2(5y , for i,j e {1, 2, 3}. 

We set Cj^ :~ P^C'^'^ . In the direct sum © C^, with a slight abuse of notation, one can write 

We now split the Hilbert space Jf = L^(R'^; C^") into the spin- up and down part: 

(2.7) Jf^^^+Q^-, where Jif"^ -.^ L^iM.^;^^) ~ L'^iR^iC). 
We define the operator: 

(2.8) A„,„,, :=a+-P j a' ■ P + v{Q) 

m — v(Q) + z 

on C^(R'^; C^). It is well defined by (|2.5|) . It is closable as its adjoint has a dense domain. We consider 
the minimal extension, its closure. We denote its domain by I'min(Am,t),z) and keep the same symbol for 
the operator. It is well known that even for symmetric operators one needs to be careful with domains 
as the domain of the adjoint could be much bigger than the one of the closure. In the next Proposition, 
we care about this problem in our non-symmetric setting. 

Proposition 2.1. Let z e C \ M such that 5R(z) > 0. Under the hypotheses (|2.5p . we have that 
I?(A„,„,,) = 2?(A:„,„.-) = .J^f\R^;Cl) and A^,,,, = A*^^^^^. 

Proof. We mimic the Kato-RcUich approach and compare Am,v,z with the more convenient operator 
Az := (l/(m + z))Ai_o,o- Its domain is ^^(R'^;C^f.) and its spectrum is {{m + z)t \ t e [0,oo)}. We now 
show there is a e [0, 1) and 6 > such that 

(2.9) \\Bfr<a A,/ \b\\f\\\ 
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holds true for all / € C^(R^ 
B 



where 



(m — v + z) 



Since ||w||oo < m-/2, 3?(z) > and > 0, we infer ao 

II (a+ •VT;)(-)/(m -«(•) + z)'||oo. Takee,e'G (0,1) 



\\Bff<{l + e)al 
< (1 + e)a2 



A,/ 



A./ 



1 + i 



||'u/(m - u + z)||oc> < 1- Set Af 
(a+-Vt))(Q) 



(m - v[Q) + zY 



< {{l+e)al+e') 



A./ 



a- ■ Pf\ 

4||w||oo 



4||«|| 



-II/IP, 



2|to + zMM^ 



ee' 



1/11 



By choosing e and e' so that the first constant is smaller than 1, ()2.9p is fulfilled. 

Now, observe that ||S(A, + Ai)""^|P < a + bfi^'^ for /i > 0. Fix /io > such that 1|B(A. + ^o) 
Then (1 + B{Az + /iq)^^) is bijcctivc. Noticing that 



< 1. 



(Id + B{A, + ^io)-^) (A, + ^o) = A, 



Mo, 



we infer that A^.v.z + Mo is bijcctivc from .^^{R^;^^) onto ^^(R^ 



). In particular V{Am.v.z) = 
J^'^{R^;Cl). Directly, one has V{A,n,v,z) C X>(A;^_„_^) and A,n,v,z C A*^^^^^ (inclusion of graphs). Take 
now / g V^A^ ^ ■^). Since Am,v,z + Mo is surjective, there is g € 'D{Am,v,z) so that 



{A,n,v.z + Mo)g = i^*m.v.z + Mo)/- 

In particular, (Aj;j^_^^ + Mo )(/-.?) = 0. As Am^.„^2+/^o is surjective, we derive that kcr(A*j_^^^+^o) 
In particular / g, P(A„,,,,) = I?(A,*„_„-) and A„^„,, = A;,^^^^. 
As a corollary, we derive: 



{0}. 

□ 



Lemma 2.1. The spectrum of Am,v,z is contained in the lower/upper half-plane which does not contain 
z. In particular, c + z is always in the resolvent set of Am.v,z for any c € R. 



Proof Take now / e ^^^(I 



Since 



(2.10) 



r(/,A™,,.,/) = (a--P/, 



-Q(z) 



{7n-viQ)+^{z)y +^{zy 



Pf), 



is of the sign of — 3(z). Since Am,v,z is a closed operator having the same domain of its adjoint, the 
spectrum of Am,v,z is contained in the closure of its numerical range, see Lemma iB.ll □ 
We give a kind of Schur's lemma, so as to compute the inverse of the Dirac operator. 



Lemma 2.2. Suppose \2.5]) . Take z e C \ 
= M'+ © J^-, we have {H]"^ - z)-^ = 



such that !R(z) > 0. In the spin-up/down decomposition 



1 



(A,„_„,2 +m- zY 



m — v{Q) + z 



P{\n,v,z + m. - z) 



1 



m — v{Q) + z 



{Am,v,z+m-z) ^a+-P- , 

m - v(Qj + z 

z)-'a+-P ^— 

m — v[Q) + z 



a~- P{A 



1 



m 



I 



m — v{Q) + z 
Z'^'^). However, this 



Remark 2.1. The operator {H\'^ - z)~^ is bounded from L'^{R?]<C'^'') into 
improvement in the Soholev scale does not hold if one looks at the matricial terms separately. There is a 
real compensation coming from the off-diagonal terms. First note that oT ■ Pi^Am.v.z + m — z)^^a'^ ■ P 
is a bounded operator in L^(R'^;C1) and a priori not into Jff^ (M!^ ; C^) , with s > 0. Indeed, a+ • P 
sends L'^{M?]CV) into then (A„,„,^ + 771 - z)-i to M'^{M?]<C''+) and the left a- ■ P sends 

again into L^(R'^;C!i). On the other hand, the term (Am,t),z — z)^^ is bounded from L^(R'^;C!^) into 
J^^(R'^; C^L), which is much better than expected. 
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Proof. Let / G L'^{R^;C'^''). By self-adjointness of H^'^, there is a unique V e ^^(K^iC^"^) such that 
{H]"^ — z)-)/' = /. We separate the upper and lower spin components and denote / = (/+,/_) and 
^ = {ip+,tp-) in = + e -. We rewrite the equation (L»,„ + - z)^ = f to get: 



(2.11) 




mV'+ + v{Q)'ip+ - ziIj^ = /+, 



From the second hne, we get {v{Q) — to — z)^p^ = /_ — • PV'+- Since z is not real, wc can take the 
inverse and infer ■(/;_ = {v{Q) — to — z)^^(/_ — • P%jj-^-). Since -!/;_ G , we can apply it ■ P and 
obtain a vector of L^(R'^; Cj^). Now, since /_ is in L'^(IR'^; CI) and since ('u(Q) — to — z)~^ is bounded, 
we have a+-P(t;(Q) -TO- z)-!/- e .^"Hl^^C';) and since (t;(Q) - ?7i - z)-!^- • PV+ is in L2(M3: c^^), 
we rewrite the system: 

^■P Lr— a" • + v{Q) + TO - z") V+ = /+ + «+■ P ^5Y^/-' 

TO— V((y)+Z / TO — «((,/) +Z 

TO — w((y) + z ^ 

To conclude it remains to show that Am,t),z + to — z is invertible in Bi^M'^ , ^ ) , so as to invert it in the 
system. Using (12Jil|), we have {Am,v,z- z)u) \ > c|iw||^i. Then ||(A„^„,2 + m-z)M|ij^-i > c||u||^i 
and |l(A„i.i,.2 + to — z)*u||^-i > c||u||^i hold. Thus, Am,v,z — z is bijcctive from J^-'^ onto .j^^^ . □ 

2.2. Prom one limiting absorption principle to another. The main motivation for the operator 
^m,v,z is to deduce a limiting absorption principle for H^'^ starting with one for 3. Consider the 

upper right term in Lemma l2.21 the basic idea would be to put by force the weight {Q)~^ and to say that 
every terms are bounded. However, we have that 

(Q)-i(A™,,,, + TO-z)-i(Q)-i (g)a+.p(g)-i ^ 



TO — v{Q) + z 



bounded from LAP for A„ „ , unbounded 



One needs to take advantage that one seeks an estimate on a bounded interval of the spectrum. Therefore, 
we start with a lemma of localization in the momentum space and elicit a solution in Lemma 12.41 Note 
also that one may consider S>z < by taking the adjoints in the two next lemmata. We shall also use 
estimates which arc uniform in the coupling constant, due to Proposition 14. II 

Lemma 2.3. Set 2 C M a compact interval. Let V be a bounded potential and k > 0. There is an even 
function ip G C^(M; R) such that the following estimations of the resolvent are equivalent: 

(2.12) sup \\{Q)-^ipia-P)iD„r+-fViQ)~z)-^ip{a-P)(Q)-^\\<oo, 

!R2eX,3'z>0,|7|<K 

(2.13) sup \\{Q)-\D„, + "fViQ)~z)-'ipia-P){Q)-'\\<(X), 

5RzGl,Qz>0,|7|<K 

(2.14) sup \\{Q)-\Dm+"fV{Q)~z)-\Q)''\\<c^. 

SRzeI,Qz>0,|7|<K 

Proof. It is enough to consider 3z G (0,1]. Set ^7 := X x (0, 1] x [— k, k] , Ho := a- P and := Dm + . 
We choose tfi G C^(M) with value in [0, 1], being even and equal to 1 in a neighborhood of 0. We define 
(PB.{-) ■= ^li'/R) and ipR := 1 - y^R. 

Wc first notice that (Q) G C^{Ho), see Appendix [A] There is a constant C > so that 

(2.15) |((Q)/,a • Pf) - {a ■ Pf, {Q)f)\ = \{f, {a ■ V(.))(Q)/)| < C||/f 

holds true for all / G C^{M.^; C'^"). This is usually not enough to deduce the property, see [5T]. We use 
pS] [Lemma A.2] with the notations A := H^, H := (Q), X„(a;) := ip{x/n) and with & := C^{R^;C'^''). 
The hypotheses are fulfilled and we deduce that (Q) G C^{Ho). 
By the resolvent equality, we have: 

{H^ - z)-'ipRiHo){ld + WiHo - z)-'^r{Ho)) = {Ho - zy^^RiHo) 

(2.16) - {H^ - z)-^ipRiHo)WiHo - zy^^RiHo), 
where W := 7!^ + to/3. Note that the support of (pR vanishes as R goes to infinity. We have 

\\{Q){Ho - z)-'ipR{Ho){Q)-'\\ < 0{1/R), uniformly in (2,7) G J. 
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Indeed, if we commute with (Q), the part in (Ho — z) ^(pr{Ho) is a 0{1/R) by fimctional calculus. For 
the other part, Lemma [A. 21 gives 

\\[{Q),{Ho- z)-^^r{Ho)]{Q)-^\\ <0{l/R^), uniformly in (2,7) 

Remembering V is bounded and choosing R big enough, wc infer there is a constant c £ (0, 1), so that 

(2.17) \\W{Q){Ho - z)-^(pb{Ho){Q)-^\\ < c, uniformly in (2,7) e J. 

Wc fix R and choose ip ;= ipn. We now prove the equivalence. Observe that {Q)^^(p{Ho){Q) is bounded, 
since (Q) G C^iHo). One infers directly that ((2TT4)) => ((2J3)) ^ ((27T2)l . It remains to prove (|2TT2)) =^ 
(f2J4l) . Thanks to ([2T7l) . wc deduce from (|2l6l) that: 

(g)-i(i/^ - z)-'^{Ho){Q)-' = [{Q)-\Ho - z)-'f>{Ho){Q}-' 

(2.18) -{Q)-^{H^-z)-^^{Ho){Q)-^ W{Q){Ho- z)-^^{Ho){Q)-^) 

X {ld + W{Q){Ho - z)-^<f>{Ho){Q)-^y\ 

Note that the last line and the right part of the second line of the r.h.s. arc uniformly bounded in 
(^,7) e J" by (PT7)) . We muhiply on the left by the bounded operator {Q)-^tf{Ho){Q). The first term 
of the r.h.s. is boimded uniformly by functional calculus. For the second one, we use p.l2p . We infer: 

sup \\{Q)-^^{Ho){H^ - z)-^^{Ho){Q)-^\\ < 00. 
Doing like in (|2.18p . on the left hand side, we get 

(2.19) sup \\{Q)-^^{Ho){H^-z)-^^{Ho){Q}-^\\<oo. 

Finally, to control {Q)-^(f{Ho){H^ - z)"^^(iJo)(Q)~\ we multiply ([27T81) on the left by the bounded 
operator {Q)~^ip{Ho){Q) and deduce the boundedness using (|2.19p . □ 

Lemma 2.4. Take k G (0, 1] and a compact interval 2 C [0, 00). Suppose i2. 5]) and that 

(2.20) sup \\{Q)~\Am,-yv,. + m - z)-\Q)-^\ < (x^ 

SRzeI,3zG(04],|7|<ft 

hold true. Then, we have 

(2.21) sup \\{Q)-\D„,+-fv{Q)<»Uc2.-z)-\Q)-^\\<oo. 
sR:zeJ,az>o,|7|<K 

Proof. Set Ho a ■ P and J -.^ T x (0, 1] x [— k, k\. By Lemma [Ol it is enough to show (|2.12p for 
a chosen ip. Since <p is even and constant in a neighborhood of 0, by setting := ■ |), we have 

"0 £ C^(K) and that ip{Ho) ~ ■ P)^)- In particular, we obtain ip{Ho) stabilizes Jf^ and have the 
right to let it appear in spin decomposition of the resolvent of H of Lemma [221 We treat only the upper 
right corner of the expression as the others are managed in the same way. We need to bound the term: 

1 

^„i,jv,z+'m- z) "a' r - 



{Q)-'^{Ho)iArn,jv,z +m- z)-^a+ ■ P- _^^^^_(^(i/„)(Q)-i = 

1 



(Q)-V(^o)(g) (Q)-i(A,„,^„,,+m-z)-i(g)-i {Q)a+-P l^^^(i/„)(Q)- 

m — ^v(Q) + z 

The middle term is controlled by the hypothesis. Thanks to ()2.15p . one has that [(p{Ho), (Q)] is bounded; 
the first term is bounded. For the last one, we commute: 



• ^ \7^r—viHo){Q)-' ={Q) 

m — jv[Q) + z 



1 



m — ^v(Q) + z 
1 



(Q)-i {Q)ip{Ho){Q)~' 



m — ^vyQ) + z 

We estimate uniformly in (2,7) G J. By (|2.5p , we get \\{Q){m — ^v{Q) + z)^^ {Q)^^\\ is bounded as (Q) 
commute with v. By (|2.5p . we also obtain that • P, [m — + z)^^]{Q)^'^\\ is also controlled. At 

last, it is enough to consider {Q)dj(p{Ho){Q)~^ , which is easily bounded by Lemma [A. 2 1 for instance. □ 
Wc come to other types of weights. Motivated by the non-relativistic case, see Theorem I C.l[ we are 
interested in singular weig htslikc |Q|. But, as noticed in RcmarklOl the operator {Ql^^iH^^^ - z)-^\Q\~'^ 
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is even not bounded. Therefore, we enlarge the space in momentum and try the first reasonable weight, 
namely {PY/'^\Q\. Given z e C \ M and using the Hardy inequality, one reaches 

m-'u-^H";^ - V - z)-^\Q\-^\\ < \\{p)-'\p\ II • II ipr^iQi-^ip • iKffi;^ - V - zr'\p\ w 

< C(^)(z)/|3(z)|. 

By interpolation, one infers 

\\{P)-'/'\Q\-\H};<' - V - z)-'\Q\-\P)-'/^ < C(^)(z)/|3(z)| < oo. 

The upper bound seems relatively sharp in z. However, under the same hypotheses as before, we obtain: 

Lemma 2.5. Take n £ (0, 1] and a compact intervalX C [0, oo). Suppose Ii2. 5\) and that ()2.20p hold true. 
Then, there is C > so that 

(2.22) sup \{f,iD^+jv{Q)®Uc^.-z)-^f)\<C\\{Py/^\Q\ff. 

5RzeI,3z>0,|7|<K 

Proof. It is enough to consider S (0, 1]. Set := D,n + jv{Q) (g) Ides.' and J :=! x (0, 1] x [— k, k]. 

Let / = (/+, /_), with /± e \ {0}; C^). LemmaOand jM]) give a constant C > 0, uniform in 
(z, 7) G i/, so that: 

|(/, {H^ - z)-i/)| <4/m2||/_||2 + 2 \\\Qr\A^,^,,, +m- z)-^\Qr^\ x 

(|||Q|/+f + \\\Q\a+ ■ P{m-v{Q) + z)-V_f + |||Q|a+ • P{m - v{Q) + z)-^ f_\\^) 
<c(|||Q|/+f + |||Q|a+.P/_f + ||/_||2). 

Note that the Hardy inequality gives that ||/_|| < 2|||Q|q;+ • -P/-||. Then, by commuting |Q| with q;+ • P 
over Cf{M.^ \ {0}; C), we find C" > 0, so that: 



sup \{.f,\Q\-\H^-z)-^\Q\-^f)\ <C" ||ld®P+/|| +||(P)®P_/| 

for aU / e C^\m? \ {0}; C^"). Here we identify, ^2(^3. (^2v-^ ^ l2^r3) ^ ^2v ^ exchange the role 

of P+ and P_. Considering the operator 

a--P ^ ]^.^ a+-P-v{Q) in L^R^-Ct), 
m + v[Q) + z 

which leads to the same arguments as for A„j ^ if one identifies ~ C^, one obtains also that 

|(/, \Q\-\H^ - z)-'\Q\-\f)\ <C' (||ld® P_ ff + ||(P) ® P+ /f ) , 
for aU / e C^°°(R3 \ {0}; C^"). By interpolation, e.g., |7j[Theorem 4.4.1 and Theorem 6.4.5.(7)], we infer: 

\Q\-\H^ - zr^\Qr^f)\ <c"||(p)i/vf , 

for aU / e C^{R^ \ {0}; C'^"). The latter is a core in ^^(R^; C^-"). □ 



3. Positive commutator estimates. 

In the previous section, we saw how to deduce some estimate of the resolvent for Dm + V{Q) starting 
with some of Am.v,z, namely (|2.20[) . First, one technical problem is that operator depends on the spectral 
parameter; hence wc will study a family of operators uniformly in the spectral parameter. Secondly, we 
are concerned about the interval [m, m + 6] and wc know that there is no such estimate above (m — e, m) 
as eigenvalues usually accumulates to m from below. Since the theory developed in Appendix |B] gives 
some estimates for SRz € [0,oo), we will perform a shift. Therefore, we study the operator 

^2m,7t),5, uniformly in (7, ^) G 5 = £{k, S) := [— k, k] x [0, S] x (0, 1]. 

Here we use a slight abuse of notation identifying C ~ R^. One should read 3?^ G [0, G (0, 1] and 

I7I < K. Note the uniformity in the coupling constant is used in Proposition 14. II 

To show (|2.20p , and therefore (|2.14|) with the help of Lemma 12.31 it is enough to prove the following 
fact. Note we strengthen the hypothesis (|2.5p . 



10 



NABILE BOUSSAID AND SYLVAIN GOLENIA 



Theorem 3.1. Suppose that v G L°°{M.^;M.) satisfies the hypothesis (HI) and (H2) from Theorem \4-l\ 
Then there are 5, n, Clap > such that 



(3.1) sup |(/,(A2™,^„,j-z)-V)l <CLAp|||g|/ 

Sffz>0,Q2>0,(7,4)G£ 



|2 



We will show the theorem in the end of the section. We proceed by checking the hypothesis of Appendix 
IB] We recall (|2.6p and fix some notation: 

S Ai,o,o -Pa- ■P = -A^s ® Idc; in ^^^(M^; c";) ~ ^^"2(1^3) (g, d 

and set ^ := Jf^CM.^; ^+): the homogeneous Sobolev space of order 1, i.e., the completion of ■^^(M'^; C^) 
under the norm := ||5^/2/|p. Consider the strongly continuous one-parameter unitary group 

{Wt}tm acting by: 

{Wtf){x) = e3*/2/(e*x), for aU / G {R'' . 

This is the Co-group of dilatation. Easily, by interpolation and duality, one gets 

Wt^ C y and Wt^"(R^; C;) C ^"(R'"'; C!;), for all s e M. 

Consider now its generator A in L'^ (R.'^ ; C^) . By the Nelson lemma, it is essentially self-adjoint on 
C^{R^;Cl). It acts as follows: 

A^^iP-Q + Q-P)® Idc; on C,°°(R3; c-;) ~ C^{R^) (g) C;. 

In the next Proposition, we will choose the upper bound k of the coupling constant and state the 
commutator estimates. 

Proposition 3.1. Let S e (0,2m). Suppose that the hypotheses (HI) and (H2) are fulfilled. Then there 
are ci , k > such that 

(3.2) n^2m.,^v,i) - .J^\R^;C\), (A^™,^.,^)* = A2„,,^,_|, 

(3.3) [^{l^2m.nv,£,)^A]o - C^^{l^2ra.nv,d > CiS* > 0, 

(3.4) =F[5(A2m^-yi,,Si(5)±i3(^)),iA]o > 0, 
hold true in the sense of forms on M'^(R?]C^), for all (7,^) € £. 

Proof. Wc start with a first restriction on hl. Wc set n < {2m — 5)/\\v\\^. Hence, 

(3.5) S<2m- 7w(.) + ^{^) < 4m, for aU (7, ^ e £. 



In particular, is not in the essential image of 2m — 711 + 3?('f); Proposition [2lT] gives (|3.2p . 

Wc turn to the commutator estimates. It is enough to compute the commutators in the sense of form 
on C^(R'^; C^), since it is a core for A2m,v,^ and A. 



a+ . P a- ■ P, lA 

2m — 7f 4- ^ 



- "f[v, lA] 



(3.6) ^2a+-P —a- ■ P - j a+ ■ P —2 • P - 7 ' Vi;(0). 

2m — 7W + ^ (2m — 711-1- 

Then, we have [3fi(A2,„,7„,4), iA] - Cy^{A2rn,yv,^) = 

10 ^ + 2m-7i, + jR(g) _ 
= (2 — Cl, ) a ■ P a ■ P 

(2m-7u + 3?(e)) +5(C)2 

'"^i ({2m-,. + m)f + m^f .P-70-V.(Q)-c.7.(Q). 
>(2 - -) - - HQ • v.(Q)|| - > 

where ci := „ — ^ and by assuming that k < -—-r-, ttt^ — „ / J"m , , „ — n tttttt- Note the "4" 

32m2-|-2 ^ - 2{Ac'^ + \\Q-Vv{Q)\\{16m^ + l)/S'^) 

comes from the Hardy inequality. This gives 
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At last, we have: 



[9A2™,T,„.5,iA] = -23(e) a+-P 



(2m ~-fv + + - jQ ■ Vv{Q){2m ~ jv + SR(g)) 

((2m-7i, + 3fJ(0)'+3(e)^)' 



a- ■ P. 



This is of the sign of — when we further impose k < (5^/(8m||Q ■ '^'v{Q)\\ 
We now bound some commutators. 



□ 



Proposition 3.2. Let 6 £ (0,2m). Suppose that the hypotheses (HI) and (H2) are fulfilled. Consider 
the ci, K > from Proposition lS. 1[ There is c and C depending on Cy,6, k and v, such that 



(3.7) l(A2„,^.,e/,A9) - {Af,A2,nnr,i9)\ < c\\f\\ ■ ||(A2™,^,,j ±z).g||, 
holds true, for all f,g£ ^(M^. c+) n V{A) and 

(3.8) \{f,[[A2m,^,,^,iA]o,iA]of}\<C{f,Sf}. 
holds true for all f £ ,yf^{R^; C^). 

Proof. We take k as in the proof of Proposition 13. II We first find c > 0, uniform in (7, ^) e £, so that 

(3.9) |(/,[A2™,^„,^,zA]og)| <c(||/|| . ||.g|| + ||/|| . ||5.9||), for aU /, .g e (M^^; C;). 

We recall that the latter space is a core for A, S and A2,„,7„.j. Taking in account (|3.6p . observe that 



Q-VviQ) 



2 \\Q-Wvm\ 



2m — 7U + ^ (2m — 71; + ^)^ 
It remains to find a,b > 0, which arc uniform in (7, ^) e £, such that the following estimation holds: 

I|A2™,^.,C/|| > a||5/i| - 6II/II, for all / e C^{R\CI). 
This follows from \\A2rn,rv,d\\^ > a^\\Sff - b^WfW^- Take e,e' e (0,1)- 



\\^2rn,v^zff > {I ^ s) 



>(l-e) 



2m - jv{Q) + ^ 
\S.f\\^^ 



Sf 



1 

1 - - 

e 



7(a+ • Vw)(Q) 



(2m-7i;(0) + e)- 



:a~ ■ Pf 



1 + 16m2 



1 1\ K||«+.Vz;(g)|| _ ^ 



<54 



/I 



> (1-e) 



1 



1 + 16m2 



+ £'(£- 1) 



K\\a+ ■Vv{Q)\\ 



Choosing e' small enough, we infer (|3.7p . 

We turn to (|3.8p . Again, it is enough to compute in the form sense on C^(R'^; C). 



[[A2m,v,z,iA],iA] =Aa+ -P 



a- . P + 4a+ . P--^ -^01- ■ P 

2m — V + z (2m — w + 2)-' 

(Q.V«(Q))2 



. i-^ — ^ TT^ct ■ P + 2 or ■ P 

(2m — V + zY 



{2n2 — V + zY 



a~ -P+iQ-VfviQ). 



Note that (HI) ensures that ||(Q . V)2w(Q)/||2 < 4|| \Q\{Q ■ \JYv{Q)\\'^\\S fW^ is controlled by S. Relying 
again on (|3.5p . the bound (|3.8p follows. □ 
We finally turn to the proof of the main result of this section. 

Proof of Theorem\Jli Since we have e**^^^ C .Jif^ and (HH), we obtain that Aam,^^,,^ G C^{A, .Jif'^,Jif), 
for all (7,^) G 5. By interpolation, we deduce that A2m,7i>,^ G C^{A,Jff^,J^^^). Now taking in account 
wc infer A2m,'ytKi ^ C^iA, J>f^ , J^-^), for all (7,^ e £. 
Using Propositions 13.11 and 13.21 we can apply Theorem IB. II We derive there is a finite C so that 



|(/, (A2™.,.,« - z)-V)l < C {\\S-'/'fr + 115-1/2 A/IP) 
The Hardy inequality concludes. 



sup 

Kz>0,S2>0,(7,e)e£ 



□ 
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4. Main result 

In this section, we will prove the main result of this paper and deduce Theorem 11.21 

Theorem 4.1. Let 7 G K. Suppose that v G satisfies the hypothesis: 

(HI) ||u||oo < to/2 and Vv, Q ■ Vv{Q), {Q){Q ■ Vu)2((5) are bounded. 
(H2) There are c„ G [0, 2) and c'^ > such that 

(J 

X ■ {Vv){x) + Cyv{x) < j^, for all a; G \ {0}. 

Set Vi{Q) := v{Q)(g)ldc2^, where L^iR^iC^") ~ (R^) (g) C^" . 
(H3) Consider V2 G Ll^^{M.^;M.'^'') satisfying: 

Then, there are k,S,C > 0, such that := Dm + "/V{Q), where V :~ Vi +V2, is self-adjoint with 
domain Jif^iR^lC^"). Moreover, 

(4.1) sup \\{Q)-\H^-X-ie)-^{Q)-^\\<C. 

|A|e[m,m+(5].e>0,|7|<K 

In particular, H-y has no eigenvalue in ±m. Moreover, there is C so that 

(4.2) sup f \\{Qr^e'^*"^Ej{H^)frdt<C'\\fr, 

|7|<K JE 

where X = [—to — (5, —to] U [m, to + (5] and where Ei{Hy) denotes the spectral measure of H^. 

Remark 4.1. In |20j and in |53| . one takes advantage that the Virial of the potential is negative, in order 
to prove the limiting absorption principle for some self-adjoint Schrddinger operators, see Remark I C. 1[ 
Here, we cannot allow this hypothesis as we are also interested in positronic threshold, i.e., we seek a 
result for v and —v, see p.4p . We recover the positivity using some Hardy inequality and small coupling 
constants. 

Proof of Theorem \4.1 



First note that (|4.2p is a consequence of (|4.ip . see [36]. Consider the case V2 = 0. 
Note that, in Section [21 the operator iJ^ is denoted by H^. 

The self-adjointness is clear. Wc first apply Theorem 13. 11 and obtain (|3.ip . By choosing ^ ~ z and as 
IIIQI/Il < we infer (|2.20p . In turn, it implies (|2.14p . Finally, using the unitary transformation 

as, (|4.ip follows from (|2.4p . For a general V2, we use Proposition 14. II □ 
It remains to explains how to add the singular part V2 of the potential by perturbing the limiting 
absorption principal. This is somehow standard. Note that unlike [34| . for instance, we do not distinguish 
the nature of the singularity at the threshold energy, as we work with small coupling constants. 



Proposition 4.1. Assume that Theorem \4.1\ holds true for V2 = 0. Take now V2 satisfying (H3). Then 
there is k' G (0,k], so that 

■.= Dm+^{V + V2){Q) 

is self-adjoint with domain J^^{M.'^;C'^'^), for all \j\ < k. Moreover, 

sup \\{Q)-\Hy-z)-\Q)-^\\<oo. 

^z£[m,m+S],'iz>0,\'f\<K' 

Proof. Up to a smaller k, Kato-Rellich ensures the self-adjointness. We turn to the estimate of the 
resolvent. Easily, one reduces to the case |3(2:)| < 1. From the resolvent identity, we have: 

{Q)-\H^ - z)-\Q)-' (Q) {/ + jV2{H};'' - z)-i} (g)-i = {Q)-\H};^ - z)-i(g)-i 

Considering Lemma and Theorem l3.11 the result follows if we can invert the second term of the l.h.s. 
uniformly in the parameters. Therefore, we show there is k' G (0, k] so that 

sup \\{q)^V2{h!;^-z)-'{q)-'\\<i. 

Jf(z)G[m,m+5],3(2)e(0a],|7|<K' 

Using the identity of the resolvent, we get 

(g)F2(if^^^ - z)-i(Q)-i ={Q)V2{H^'' - {Q)-' 

^{Q)V2{H'^^-ir\Q) {jV-z + i) (Q)-i(if^b^-z)-i(Q)-i. 
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The first term of the r.h.s. is bounded by using (H3). To control the last term, remember that z is 
bounded and use again Lemma 12.41 and Theorem 13.11 It remains to notice that 

is bounded. Indeed, the assumption (H3) controls the terms in V2 and (Q) e C^{Hq) and [Hq'^, {Q)]o is 
bounded, see proof of Lemma [^751 □ 
At last, Theorem ll.2l is an immediate corollary of Theorem 14. II Indeed, one has: 

Example 4.1 (Multi-center). For i ~ 1, . . . we choose Ui € K'^ the site of the poles and G R its 
charge. We set: 

n 

2 — 1 ' ' 

Note that 



n 



i=l 

Choose now (p £ C^(M'^) radial with values in [0,1]. Moreover, we ask that (p restricted to the ball 
i3(0, max(|a,;|)) is 1. Consider the support large enough, so that ||<^u||oo < '7i/2, where (p : 1 — ip. Set 
V := (fiVc- Straightforwardly, the hypothesis (HI) and (H2) are satisfied. Note that (H3) follows from the 
Hardy inequality. 

Example 4.2 (Smooth homogeneous potentials). In |30] . one considers smooth potential independent 
of \x\ of the form v(x) :— v{\x\/x), with v S C°°{S'^), see also Remark IC.^i Here, by taking Cy — 
in Theorems \4.1\ and \4.^ one obtains a relativistic equivalent of this result. We point out that this 
perturbation is not relatively compact with respect to the Dirac operator. 

We now discuss singular weights in |Q|. 

Remark 4.2. It is important to note that unlike in the non-relativistic case, see Theorem \C.l\ one cannot 
replace the weights (Q) in (|2.2p by \Q\. Indeed, with the notation of Theorem \4.I\ V2 — and z € C, 
consider a function f in C^(R'^ \ {0};C^'') and notice the expression \Q\{H-y — z)\Q\f{-/R)\\^ 

tends to 0, as R goes to 0. Therefore, there is no z C such that the operator \Q\{H.y — z)\Q\ ho,s a 
bounded inverse. 



We finally give a second result with a weight allowing some singularity in |Q|. Using Lemma 12.51 
instead of Lemma ^TM in the proof of Theorem 14. 11 we infer straightforwardly: 

Theorem 4.2. Lei 7 G M and take v G L°°(R^; R) satisfying (HI) and (H2). Then, there are k,5,C > 0, 
such that Hy := D,„ + jv{Q) Idc2i- satisfies 

(4.3) sup \\{P)-'^-'\Q\~\H^-X-ie)-'\Q\-\P)-'/'\\<C. 

|A|e[m,?Ti+5],e>0,|7|<K 

Moreover, there is C so that 

(4.4) sup ( \\{P)-'/^\Q\-'e-^'"^'Ei{H,)ffdt<C'\\ff, 

|7|<K JR 

where X = [—m — S, —m] U [m, m + S] and where Ej{H.y) denotes the spectral measure of H^. 

Keeping in mind Proposition 14. 11 one sees that one can only add trivial potentials in the perturbation 
theory of the limiting absorption principle. Thence, it is an open question whether one can cover the 
example HT] with the weights 

Appendix A. Commutator expansions. 

This section is a small improvement of [57] [Appendix B] , see also [ini [21] • We start with some gen- 
eralities. Given a bounded operator B and a self-adjoint operator A acting in a Hilbert space J^, one 
says that B G C'^{A) if t t-^ e^'*'^_Be**'^ is strongly C'^. Given a self-adjoint operator B, one says that 
B G C'^{A) if for some (hence any) z ^ cr(i3), 1 1— > e~^*^{B — z)~^e**^ is strongly C'^. The two definitions 
coincide in the case of a bounded self-adjoint operator. We recall a result following from Lemma 6.2.9 
and Theorem 6.2.10 of [1]. 
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Theorem A.l. Let A and B be two self-adjoint operators in the Hilbert space . For z ^ (^{A), set 
R{z) := [B — z)^^ . The following points are eguivalent to B E C^{A): 

(1) For one (then for all) z ^ <y{B), there is a finite c such that 

(A.l) \{Af,R{z)f)~{R{z)f,Af)\<c\\f\\\ forallfeV{A). 

(2) a. There is a finite c such that for all f e 'D{A) D T>{B): 

(A.2) \{Af,Bf) - {Bf,Af)\ < c{\\Bfr + \\fr). 

b. For some (then for all) z ^ a{B), the set {/ E V{A) \ R{z)f E V{A) and R{z)f E V{A)} is 
a core for A. 

Note that the condition (3.b) could be uneasy to check, see [21]. We mention [28] [Lemma A.2] and 
[^ [Lemma 3.2.2] to overcome this subtlety. As {B + i)~-^ is a homeomorphism between J^f onto T>{B), 
{B -\- i)~^T>{A) is dense in T>{B), endowed with the graph norm. Moreover. (|A.ip gives {B + i)^^T){A) C 
V{A). Therefore {B + i)~'^V{A) C I?(-B) n V{A) are dense in V{B) for the graph norm. Remark that 
vIb) n V{A) is usually not dense in V{A), see f^ . 

Note that (|A.ip yields the commutator [A, R{z)] extends to a bounded operator, in the form sense. 
We shall denote the extension by [A, R{z)]o. In the same way, since 2?(-B) n 'D{A) is dense in T>{B), (|A.2p 
ensures that the commutator [B, A] extends to a unique element ol B{V{B),V{B)*) denoted by [B,A]o. 
Moreover, when B E C^{A), one has: 

[A,{B-z)~']^^ {B_J)_^ [B^ {B_j)_^. 

Here we use the Riesz lemma to identify with its anti-dual Jif* . 

We now recall some well known facts on symbolic calculus and almost analytic extensions. For p G M, 
let be the class of function (p E C°°(M; C) such that 

(A.3) Vk E N, Cfc((^) -.^ sup{t)-''+''\(p^'''>{t)\ < oo. 

Equipped with the semi-norms defined by (|A.3p . is a Frechet space. Leibniz' formula implies the 
continuous embedding: ■ S'^ C S^^^^ . We shall use the following result, e.g., [TC] . 

Lemma A.l. Let (p E with p E M.. For all I E N, there is a smooth function ip^ : C C, such that: 



(A.4) ip% = ^, 



dz 



<ci(5R(z))''-i-'|3(z)|' 



(A.5) supp(^^ C {x + ij/ I |y| < C2(a;)}, 

(A. 6) p^ {x -\- iy) = , if X ^ snppp. 

for some constants ci, C2 depending on the semi-norms (|A.3[) of p in S'^ and not on p. 

One calls (/?'' an almost analytic extension of p. Let A he a self-adjoint operator, p < and p E . 
By functional calculus, one has p3{A) bounded. The Helffer-Sjostrand's formula, see [29] and [16] for 
instance, gives that for all almost analytic extension of p, one has: 

(A.7) ^{A) = ^ [ ^{z - A)-'dz A dz. 

27r Jc dz 

Note the integral exists in the norm topology, by (|A.4p with ^ = 1. Next we come to a commutator 
expansion. Here B is not necessarily bounded while in ^7\, one considers the case B bounded. We 
denote by ad^(i3) the extension of the j-th commutator of A with B defined inductively by ad^(i?) := 
[ad^^ {B), A]o, when it exists. 

Proposition A.l. Let k E N* and B E C''{A) be self-adjoint. Suppose ad'^(i?) are bounded operators, 
for j = \, . . . ,k. Let p < k and tp E S'' . Suppose that 'D{B) fl I5((p(A)) is dense in T>[p{A)) for the graph 
norm. Then, the commutator [p{A),B]o belongs to B{T>{<p>' {A)), .j^^ and satisfies 

(A.8) [p{A),B]o=y-^p'^'\A)ad\{B) + ^ [ ^{z - A)-''ad'x{B){z - A^^dz A dz, 

27r dz 

where the integral exists for the topology of B{J^). 



LAP AND PROPAGATION OF LONG RANGE DIRAC SYSTEMS 



15 



Proof. We cannot use the (jA.7|) directly with tp as the integral does not seem to exist. We proceed as 
in [2l]. Take Xi S C;?°(R;M) with values in [0,1] and being 1 on [-1,1]. Set Xr := X{-/R). As R goes 
to infinity, Xr converges pointwise to 1. Moreover, is bounded in 5°. We infer ipn ^Xr 

tends pointwise to Lp and that {Vi?}fl'6[i,oo] is bounded in S'' . Now, note that 

(A.9) [^r{A),B] =J2^ [ - A)-^-^ad^{B)dz A dz 

p[ 27r 7c dz 

+ 7^ / ^{z~A)-^ad\{B){z~A)-^dzAdz. 
2tt J(. dz 



in the form sense on ^{B). Using (|A.4p . the integral converges in norm. We write [(Pr{A), B]o on the 
l.h.s. The first term of the r.h.s. is VR\A)B,d''^{B) / j\. Now we let R goes to infinity. On the l.h.s. 

we use the Lebesgue converges. On the r.h.s. we expand the commutator in (jA.9[) in the form sense on 
n 'D{B), take the limit by functional calculus and finish by density in I?(iy9(A)). □ 

The hypothesis on the density of n 'D{ip{A)) in 'D{ip{A)) could be delicate to check. It follows 

by the Nelson Lemma from the fact that the Co-group {e**"^'°}tgR stabilizes 'D{B). We mention that for 
fc = 1, since [B,iA\o is bounded, |21] [Lemma 2] ensures this invariance of the domain. 

The rest of the previous expansion is estimated as in |27] . We rely on the following important bound. 
Let c > and s G [0, 1], there exists some C > so that, for all z = x + G {a + ife | < |6| < c(a)}: 

(A.IO) \\{AnA-z)-^\\<C{xY ^y^K 

Lemma A. 2. Let B G C^{A) self-adjoint. Suppose ad^(_B) are bounded operators, for j ~ 1, . . . , k. Let 
If £ SP , with p < k. Let Ik{f) the rest of the development of order k of [p{A), B] in (|A.8[) . Let s, s' G [0,1] 
.such that p + s + s' < k. Then (A)'^ Lk{p){A)''^ is bounded and it is uniformly bounded when p stays in 
a bounded subset of . Let R> 0. If p stays in a bounded subset of G S'' \ [— i?; i?] n supp((^) = 0} 
then {R)''^P^'^^^' \\{A)'^ Ik{p){A)^' \\ is uniformly bounded. 

Proof. Wc will follow ideas from [16] [Lemma C.3.1]. In this proof, all the constants arc denoted by C, 
independently of their value. Given a complex number z, x and y will denote its real and imaginary part, 
respectively. Since B G C''{A), ad^(_B) is bounded. We start with the second assertion. Let p G 5'', 
R>0 such that [-R; R] n supp(.^) = 0. Notice that, by (fO)) . p'^{x + iy) ^ for |a;| < R. By (|XTO)) . 



■K J ^ &Z ^ [yl*^ II— 



\{Ayik{p){Ar II < z / 1^1 • rrr • 11^4(^3)11 • '-j^dx a dy 



<C{p) / {xy+^+-^'-'-%\%\-'-'dxAdy, 

J \x\>R J \y\<C2{x) 

for any Z, by (|A.4[) . Recall that dz /\ dz = —2idx A dy. We choose Z = fc + 1. We have, 

\\{Arik{p){Ay'\\ < c{p) f {xY+'+^'-^-^dx < cip){Ry+'+''-\ 

J\x\>B, 

Since C{p) is bounded when p stays in a bounded subset of S^, this yields the second assertion. For the 
first one, we can follow the same lines, replacing i? by in the integrals, and arrive at the result. □ 



Appendix B. A non-selfadjoint weak Mourre theory 

In this section, we adapt ideas coming from [20j and [53| in order to obtain a limiting absorption 
principle for a family of closed operators {H^{p)}p^£. We ask that they have a common domain 

(B.l) & ■.= V{H+{p)) =V{H-{p)), foraUpGf. 

Wc choose po G £ and endow with the graph norm of H^{po). Wc also ask that 

(B.2) {H+{p)y = H-{p), for all pe£. 

In particular, we have that I?((i7^(p))*) = ^. In the sequel, we forgo p, when no confusion can arises. 

Since are densely defined, share the same domain and are adjoint of the other, we have that 3?(iJ^) 
and '^{H^) are closable operators on S^, indeed their adjoints are densely defined. We denote by di{H^) 
and by 3(i7^) the closure of these operators. It is possible that they are not self-adjoint, albeit there are 
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symmetric. However, ^ is a core for them. Their domain is possibly bigger than . We suppose that 
i7+ is dissipative, i.e., 

>0, for ah/Gf^. 

This gives also that < 0. By the numerical range theorem (see Lemma |B.1|) . we infcr that 

a{H^) is included in the half-plan containing ±i. Take now a non-negative self-adjoint operator S, 
independent of p G with form domain ^ := 'D{S^^^) D We assume that S is injective. We have 
(/, Sf) > for all / e \ {0} and simply write S > 0. One defines y as the completion of ^ under 
the norm ||/||^ {f,Sf). We obtain C with dense and continuous embedding. Moreover, since 
^ = (S'l/^)-^^, ^ is also the completion of Jif under the norm given by ||S'i/2(S'i/2^-i . ||^ i-^c 
Riesz Lemma to identify Jf with Jif*, its anti-dual. The adjoint space S^* of is exactly the domain of 
(5^2^5-1/2 in ~ *. Note that 5"^ is an isomorphism between y and .Y*. We get the following 
scale with continuous and dense embeddings: 

i \ 

(B.3) ^ — > — > Jf ~ J"^* — > ^* — >S'*. 

\ i 

y 

To perform this analysis, we consider an external operator, the conjugate operator. Let A be a self-adjoint 
operator in M'. We assume S e C^{A). Let Wt := e**^ be the Cg-group associated to A in J^. We ask: 

(B.4) Wt^ C ^ and Wt^ C Y , for all i G M. 

By duality, we have Wt stabilizes and also S^* (but may be not ^ or ^*). The restricted group to 
these spaces is also a Co-group. We denote the generator by A with the subspace in subscript. Given 
J^i C -Mj be two of those spaces. One easily shows that A\jff. C A\jp. and that A\^- is the closure of 
A\^. in J^. Moreover, one has 

(B.5) 2?(^U.) - {/ e ^{Al^^) n such that A^J e . 

We now explain how to check the second hypothesis of (jB.4[) . see also [55] . 

Remark B.l. The second invariance of the domains of (|B.4p follows from the first one and from 
(B.6) \{Sf,Af)-{Af,Sf)\<c\\S'^'f\\', forallfeViS)nV{A). 

As (S + i)^^ is a homeomorphism between Jif onto 1^(8), {S + i)^^'D{A) is dense in 'D{S), endowed with 
the graph norm. Moreover, since S € C^{A), one has (S + i)~^'D{A) C ^^{A). Therefore (S + i)~^T>{A) C 
T>{S) n 2?(A) are dense in T>{S), hence in and in ,5^ . The commutator \S,A\ has a unique extension 
to an element of B{j>^,.y*), in the form sense. We denote it by [S,A]o. Take now f G r\T>{A), which 
is a dense set in . On one hand we have t i-^ WWrfW^^ is hounded when t is in a compact set (since 
^ ^ y . On the other hand, the Gronwall lemma concludes by noticing: 

\\Wtf\\^^ = (/, + / Vr/, [S,iA]oWrf) dr < WS'^'ff + c \\Wrf\\%dT. 
Jo Jo 

Let Ji^ C be a space which is stabilized by Wt. Consider L E B{J(f,J(f*). We say that L E 
C''{A]Jt,Jt*), when t W-tLWt is strongly from into JT*. When JT = Jf, this class is the 
same as C^{A), see |Tl[Theorem 6.3.4 a.]. 

Theorem B.l. Let = H^{p), with p E £ as above. Let A be self-adjoint such that (jB.4P holds true. 
Suppose that E C^(A;^^,5^*) and that there is a constant c, independent of p, such that 



(B.7) I {H^f, Ag) - {Af, H^g) \<c\\f\\- \\{H^ ± i)g\\ , for allf,gE^^n V^A). 

Take Ci > independent of p and assume that 

(B.8) [^{H^), iA]o - ci5R(i7±) > S > 0, 

(B.9) ±ci[3(iJ=^),iA]o > 0, ±3(i7±) > 0, 

in the sense of forms on ^. Suppose also there exists C > independent of p E £ such that 

(B.IO) \{f,[[H^,A]^,A]j)\<C\\S'/^f\\\ for all fE'^. 
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Then, there are c and /iq > 0, both independent of p, such that 

(B.ll) |(/, (F± - A ± < c {\\S-'/yr + \\S-'/'Afr) < c|l/|b(^|^.), 

for all p G /i G (0, fj-o) o.nd A > 0, in the case Ci > and A G M i/ ci = 0. 

In the self-adjoint setting, the case ci = is treated in [101 E]. Comparing with ^53], who deal with 
the case of one self-adjoint operator and for ci > 0. We give some few improvements. First, we do not 
ask & to be the domain of 5". Moreover, we drop the hypothesis that the first commutator [i?, iA]o is 
bounded from below. For the latter, we use more carefully the numerical range theorem in our proof. 
Finally, unlike [53| . we shall not go into interpolation theory so as to improve the norm in the limiting 
absorption principle. Indeed, in the context of the model we are considering here, we reach the weights 
we are interested in without it. We stick to an intermediate and explicit result, which is closer to |32j . 
Therefore, for the sake of clarity, we present then the easiest proof possible and pay an important care 
about domains. 

We also mention that there exists other Mourre-like theory for non-self-adjoint operators, [3l [55]. 

Proof. We focus on the case ci > 0, as for the case ci = 0, one replaces "A > 0" by "A G M". We define 
Hf^ := ± ie[H^ ,iA]o with the common domain ^ for e > 0. Since i is bijective, by writing 

± i = (l ± ie[H^,iA]o{H^ ± i)'^) {H^ ± i) and using ([BT]) . we get there is Eq such that H^{p) ± i 
is bijective and closed for all |e| < Sq and all p ^ £. Therefore [Hf^ ± i)* is also bijective from I?((i7J^)*) 
onto ■M'. Now since {H^ ± i)* is an extension of =F i which is also bijective, we infer the equality of 
the domains and that {Hf)* — for £ < Eq. 

Since G C^^;^,^*), we obtain that 5R(H±) and are in Ci(A;^,^*). In this space we 

have [H^,A]o ^ [^{H^),A]^ + ^]o. Now, take / G ^. Take e,X,l^> 0. We get: 

- cie (/, 5R(if± - A ± ifi)f) T (/, ^{H^ - A ± ifi)f) = 

= -CIS (/, ± £[3(i7±), iA]o - A) /) T (/, T M T £[3?(F±), iA]o) /) 

= e (/, {mH^),iA]o - ci5R(i7±))/) + {c,Xe + ^i) \\f\f T (/, {cie'[^iH^),iA]o + /) 

(B.12) >ic,Xe + ^,)\\f\\' + e\\S'^'-fr. 

We start with a crude bound. For e, fi > 0, we get: 

(ci£ + 1) II {H^ - A ± ifi)fy> > min(ciA£ + £)||/||<^. 

Since — A ± i/j, G B{'^,^*) and since they are adjoint of the other, we infer the injectivity and that 
the ranges are closed. They are bijective and the inverse is bounded by the open mapping theorem. 

Gf :== GfiX,fi) = {H^ - A±iM)~^ exists in for A > and s,fi>0. 

Here we lighten the notation but keep in mind the dependency in A and fi. Moreover, 

(B.13) ||G^||b(^._c^) < (ci£+ l)/min(ciA£ + /!,£), for A > and £, ^ > 0. 

This bound seems not enough to lead the whole analysis. Then, we first restrict the domain of Gf to 
and improve it. Since this inequality (jB.12[) holds also true on the common domain of (and of 
its adjoint), we can apply the numerical range theorem. Lemma iB.ll Since 5 > 0, we get the spectrum 
of — A + i/i is contained in the lower half-plane delimited by the equation y < —cisx — fj,. Hence, for 
£ G (0, £o] and > 0, — A ± i^ is bijective and by taking Eq smaller, one has the distance from to 
the boundary of the cone bigger than ji/2. Then, 

(B.14) l|G±||f5(^) < 2/^l, for > and £ G [0,£o]. 

Note also that (Gf)* = Gf. Take e,fi>0. We fix / G ^ and set: 

F^:^{f,Gff). 
Since Gfjf C ^ C ^ and using (|B.12p . we infer 

S'^'^Gfff < ci |5R (G±/, - A ± i^^)Gtf) \ + J |3 (G±/, - A ± i/i)G±/)| 

(B.15) < max (ci, i j . 
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Hence up to a smaller eg > 0, we obtain ||S'1/2g'±/|| < \F^\/e for all £ £ (0, Eo]- Moreover, if 
/ e V{S~^/^), we obtain 



|F±|< 



and deduce 
(B.16) 



1 



for all e € (0, eg]- 



Wc now show that Gf G C^{A). First note that Gf is a bijcction from onto Then by taking 
the adjoint, it is also a bijection from ^* onto H. Remember now that Wt stabilizes and ^#*. By the 
resolvent equality in B{M'), we have: 



Gf [H^±ie[H^,iA],Wt] G^ 



Let now take the derivative in 0. Since and \H^,\A\ are in C^(A;^^,^^*) (the former being in 
C2(A;^,^*)), the right hand side has a strong limit for aU element in Jf. Hence, G^ G Ci(A; Jf, Jf) 
which is the same as G C^{A), see [J [Theorem 6.3.4 a.]. Easily, it follows that G^V{A) C V{A) n ^ 
and one can safely expand the commutator in the next computation. Take / G TDi^A). 

^Ff = ^/,^G±/^ =±i(G,T/, [if±,iA]oG±/) 

= ± (G^/, A!) T (A/, G?/) - £ (G,T/, [[H, iA\M\ Gff) ■ 

Here the last commutator in taken in the form sense. Now use three times (jB.lsp and the bound (jB.10[) . 
which is uniform in p £ £, then integrate to obtain 



(B.17) 



S-'/^Af 



C\F^ \ } ds, forO<e<£'<£o 



and for aU / G V{S-'^/^A) n V{A). 

We give a first estimation. Using (|B.16[) and the Gronwall lemma, see [T] [Lemma 7.A.1] with 9 — 1/2 or 
[15] [Lemma 2.6] with p = 1/2, we infer there are some constants G, G', G", G'", independent of e G (0, Eq], 
A > 0, ^ > and oi p E £, so that 

2 



1 



dr/ 



S-^'^Af 



<G" + S-^/^Af 



(B.18) 



< G" ( - 



S-"^f +{V~e-V^Y S-^'^Af <G"'||/||^. 



for / G V{S-^/'^) n V{S~'^/'^A) n V{A) and where ^* is the completion of under the norm 



11^-1/^11 + \\S-^'^Af\\ . Here one notices that the norm is well defined for elements of 
by taking in account (jB.sp . We now plug this back in (jB.17[) . Since the inverse of the square 
root is integrable around 0, we find G"" with the same independence so that 



\F^~F^\ < 



/G" 



+ GG'" ds \\f\\% = C""{V?-V^)\\fr^ 



Then, {F^}, e(o.eo] is a Cauchy sequence. We denote by F^_i_ the limit, as e goes to 0. It remains to 
notice that F^ = F^ . Indeed, using (jB.14p and (jB.Tp . one has the stronger fact that 



\Go - Gf\\i3{je) < e||G^||B(^) • 



ce 



[i/±(p),a](i7±(p)-A±i/i)-i||B(^) < 



This gives us (|RTT1) . 

For the convenience of the reader, we give a proof of the following well known fact: 



□ 
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Lemma B.l (Numerical Range Theorem). Let H he a closed operator. Suppose that ^ := 'D{H) = 
VlH*). The numerical range of H is defined by Af := {{f,Hf) with f (z and \\f\\ = 1}. We have that 
(t{H) cJf, the closure ofAf. Moreover, if \ (f. a{H), then \\{H ~ \)-^\\ < l/d(A,7V). 

Proof Let X<fjf. There is c := d{X,Af) > 0, such that |(/, Hf) - A| > c. Then, 

\\{H-X)f\\>c\\f\\, \\{H*-X)f\\>c\\f\\, 

for all f £ & and ||/|| = 1. From the second part, we get the range of {H — X) is dense. Then, since H 
is closed, the first part gives that the range of {H — X) is closed. Hence, using again the first inequality, 
iJ — A is bijective. The open mapping theorem concludes. □ 

Appendix C. Application to non-relativistic dispersive Hamiltonians 

In this section, we give an immediate application to the theory exposed in Appendix |BJ We do not 
discuss the uniformity with respect to the external parameter. The latter would be used in the heart of 
our approach, see Section [31 We discuss shortly the Helmholtz equation, see [SJ [HIl . In [5S] , one 
studies the size of the resolvent of 

Hh ;= -h^A + Vi{Q) - ihV2{Q), as h 0. 

This operator models accurately the propagation of the electromagnetic field of a laser in material medium. 
The important improvement between [55j and the previous ones, is that he allows V2 to be a smooth 
function tending to without any assumption on the size of ||V2||oo- Note he supposes the coefficients 
are smooth as some pseudo-differential calculus is used to applied the non self-adjoint Mourre theory he 
develops. Then, he discusses trapping conditions in the spirit of [61]. Here, we will stick to the quantum 
case and choose h = —1. To simplify the presentation and expose some key ideas of Section [3l we focus 
on L^(R";C), with n > 3. For dimensions 1 and 2, one needs to adapt the first part of (H2) and the 
weights in (jC.ip . 

Theorem C.l. Suppose that Vi,V2 e Lj„^(M";M) satisfy: 

(HO) Vi are A-operator bounded with a relative bound a < 1, for i e {1, 2}. 

(HI) VF,, Q • VVi(Q) are in B{J^^{R"); L^{R")) and (Q){Q ■ \'V^)^{Q) is bounded, for i G {1,2}. 
(H2) There are Ci € [0, 2) and c[ G [O, 4(2 - ci)/{n - 2)^) such that 

n' 

WvAx) := X ■ (yVi)(x) + ciVUx) < for all x £ K". 

and 

V2{x) >0 and - cix ■ {WV2){x) > 0, for all x G M". 

On C)?°(R"), we define H := —A + V{Q), where V :~ Vi + iV2. The closure of H defines a dispersive 
closed operator with domain J^^(M"). We keep denoting it with H. Its spectrum included in the upper 
half-plane. Moreover, H has no eigenvalue in [0,oo) and 

(C.l) sup \\\Q\-\H - X + i^i)-^\Q\-^\\< 00. 

Ae[0,oo), /j>0 

If ci = 0, H has no eigenvalue in R and (jC.ip holds true for A G R. 

The quantity Wy^ is called the virial of Vi. For h fixed and for a compact T included in (0, 00), 
[55] shows some estimates of the resolvent above T. Here we deal with the threshold and with high 
energy estimates. On the other hand, as he avoids the threshold, he reaches some very sharp weights. 
As mentioned above, one can improve the weights \Q\ to some extend by the use of Besov spaces, see 
[53j . In [SS] one makes an hypothesis on the sign of V2 but not on the one of x ■ (VV2)(cc). Note that if 
one supposes ci = 0, we are also in this situation. We take the opportunity to point out [BD], where one 
discusses the presence of possible eigenvalues in for non self-adjoint problems. 

Remark C.l. Taking V2 = 0, we can compare the results with |201 153] . In [20j . one uses in a crucial 
way that Wviix) < — c(a;)" in a neighborhood of infinity, for some a, c > 0. In |53| . one remarks that 
the condition Wviix) < is enough to obtain the estimate. Here we mention that the condition (H2) is 
sufficient. Note this example is not explicitly discussed in [53] but is covered by his abstract approach. In 
[lOj . for the special case ci ~ 0, one uses extensively the condition (112). This implies (jC.ip for A G M. 
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Remark C.2. Unlike in |55] . we stress that V is not supposed to be a relatively compact perturbation of 
H and that the essential spectrum of H can be different of [0, oo). In j30j . see also |10| . one studies V2 = 
and Vi{x) := v{x/\x\), with v € ^^(5""^). We improve the weights of ^[Theorem 3.2] from (Q) to \Q\. 
We can also give a non-self-adjoint version. Consider Vi satisfying (HI) and being relatively compact 
with respect to A and V2(x) := w(a;/|a;|), where v € C'^(5"^^), non-negative. Ifv~^{0) is non-empty, one 
shows [0,00) is included in the essential spectrum of H by using some Weyl seguences. 

Proof of Theorem \C.l\ Using (HO) and adapting the proof of Kato-ReUich, e.g., [52j [Theorem X.12], one 
obtains easily V{H) V{H*) = ^^^(M"). Let S Cs(-A)i/^ with := 2 - ci - (n - 2)2c;/4 > 0. 
Set 5^ :— j7^^(M"), the homogeneous Sobolev space of order 1, i.e., the completion of J^^(M") under the 
norm \\f\\.y := ||S'^/^/|p. Consider the strongly continuous one-parameter unitary group {VFijtgR acting 
by: {Wtf){x) = e"*/2/(e*a;), for all / e L'^{R'^). This is the Cq- group of dilatation. By interpolation and 
duality, one derives WtS^ C ^ and WtJf^(M3) C ^(M"), for all s G R. Consider now its generator 
A in L^(M"). By the Nelson lemma, it is essentially self-adjoint on C^(]R") and acts as follows: A = 
{P ■ Q + Q ■ P)/2 on C;?°(M"). By computing on C;?°(R") in the form sense, we obtain that 

(C.2) [Jft(iJ), iA] - ci^{H) = -(2 - ci)A - Wv, > S, 

here we used the Hardy inequality for the last step. Furthermore, 3(i?) = V2{Q) > 0, 

(C.3) [3(i7),zA] = -Q. V(V^2)(Q), 

and also 

(C.4) [[H, iA],iA] = -4A + (Q • \/Vf{Q). 

Since Wt stabilizes ^ := J(f^ and as (jC.2p . (|C.3|) and (|C.4[) extend to bounded operators from J^^ into 
we infer that H and H* are in C2(A; Jf-i) and also ((RS)) and (|R9)) . Now since C^(M.^) is 
a core for H, H* and A, ([02]) and (|C?3l) give (jR7|, with notation H+ = H and = i?*. In addition 
(lBln| follows from the Hardy inequality and (HI), as ||(Q • V)^v{Q)ff < c\\ \Q\{Q ■ Vfv{Q)\\^\\Sf\\^. 
Therefore, we can apply Theorem lB.il and derive the weight |Q| by the Hardy inequality. □ 
Finally, we recall the Hardy inequality. Take E a finite dimensional vector space. One has: 

2 

dx < |(/,-A/)|, where n > 3 and / G C^{K";E). 
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